Topological semimetals feature a diversity of nodal manifolds including nodal points, various nodal lines and surfaces, and recently novel quantum states in non-Hermitian systems have been arousing widespread research interests. In contrast to Hermitian systems whose bulk nodal points must form closed manifolds, it is fascinating to find that for non-Hermitian systems exotic nodal manifolds can be bounded by exceptional points in the bulk band structure. Such exceptional points, at which energy bands coalesce with band conservation violated, are iconic for non-Hermitian systems. In this work, we show that a variety of nodal lines and drumheads with exceptional boundary can be realized on 2D and 3D honeycomb lattices through natural and physically feasible non-Hermitian processes. The bulk nodal Fermi-arc and drumhead states, although is analogous to, but should be essentially distinguished from the surface counterpart of Weyl and nodal-line semimetals, respectively, for which surface nodal-manifold bands eventually sink into bulk bands. Then we rigorously examine the bulkboundary correspondence of these exotic states with open boundary condition, and find that these exotic bulk states are thereby undermined, showing the essential importance of periodic boundary condition for the existence of these exotic states. As periodic boundary condition is non-realistic for real materials, we furthermore propose a practically feasible electrical-circuit simulation, with nonHermitian devices implemented by ordinary operational amplifiers, to emulate these extraordinary states.
I. INTRODUCTION
Recently novel quantum states of non-Hermitian systems have been a rapidly expanding field, acceleratingly attracting attention from the previously unrelated fields, such as topological phases of quantum matter [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , many-particle physics [21] [22] [23] [24] , cold atoms [25] [26] [27] , and the traditional field of quantum optics [28] [29] [30] [31] [32] [33] [34] [35] [36] with renewed interests. Maybe the most iconic feature of non-Hermitian physics is the existence of exceptional points [37] in parameter space, at which unitary or more general similarity transformations cannot convert the Hamiltonian under consideration into a completely diagonal form, but optimally into upper-triangular blocks each with equal diagonal entries, namely a Jordan normal form [5] . Therefore, for a band theory a number of energy bands coalesce at an exceptional point in the Brillouin zone (BZ), where accordingly energy-band conservation is violated. On the other hand, the recently enhanced interest in non-Hermitian physics partially evolved from topological phases of quantum matter, where topological semimetals as a central topic feature nodal manifolds in the BZ including degenerate nodal lines [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] and surfaces [51] [52] [53] [54] [55] [56] . Due to band conservation of Hermitian theory, such nodal manifolds are always closed and accordingly have no boundary. Now considering nodal manifolds in non-Hermitian systems, one may expect an exotic quantum state solely for non-Hermitian system, namely, that nodal manifold can terminate on a boundary consisting of exceptional points [57] [58] [59] [60] , and indeed recently the bulk Fermi arc, which is an open nodal ended with two exceptional points [21, 22] , have been realized in non-Hermitian photonic crystals with much attention attracted [61] . In this article we show that a variety of open nodal manifolds with exceptional boundaries, including various Fermi arcs and particularly drumheads, namely open surfaces, can be realized in the bulk band structures of 2D and 3D honeycomb lattices through natural and physically feasible non-Hermitian processes. Our models are quite simple with only nearest-neighbor hoppings included, and may be understood as non-Hermitian theories of graphene and graphite.
It is also interesting to compare the bulk nodal Fermi arcs and drumhead states with the boundary Fermi arcs and drumhead states of Weyl and nodal-line semimetals, respectively. Although for both cases they are open manifolds, Hermitian systems preserve band number and therefore the open manifolds of boundary band structure necessarily sink into and connect with the bulk energy bands. But maybe more profoundly the boundary of a Hermitian system is not an independent system, and in this sense it might bear certain connections with nonHermitian physics that is essentially devoted to open systems.
Recently it is noticed that the physical property of non-Hermitian systems can be radically dependent on boundary conditions [9, [62] [63] [64] [65] [66] [67] . For instance, the spectrum of the Su-Schrieffer-Heeger (SSH) model with small anti-Hermitian nearest-neighbor hoppings is complex under periodic boundary conditions, but is purely real under open boundary conditions. As the representation by the BZ actually corresponds to periodic boundary condi-tions, we proceed to study the bulk-boundary correspondence of our non-Hermitian honeycomb-lattice models with open boundary conditions, and find that the nonHermitian tight-binding models are equivalent to Hermitian ones by similarity transformations. This shows that the exotic quantum states of nodal manifolds bounded by exceptional points can be undermined by open boundary conditions, and periodic boundary conditions are therefore essential for their existence. To circumvent the dilemma that periodic boundary conditions are not realistic for ordinary physical systems, such as real materials, photonic crystals, phononic crystals and cold atoms, and also inspired by that novel band theory has broader applications beyond electronic systems, we present a simulation of the non-Hermitian tight-binding models on honeycomb lattices through faithfully designating electrical circuits, for which periodic boundary conditions are obviously realizable [68] [69] [70] . Particularly non-Hermitian devices, emulating non-Hermitian terms, can be easily implemented via a standard application of a common operational amplifier in a voltage follower configuration. Furthermore, the feasibility of the particular design is ensured by the fact that each unit cell only consists of a few capacitors, inductors and operational amplifiers.
The article is organized as follows. Section II briefs the 2D and 3D non-Hermitian lattice structures, which are used in the following discussions. In Sec. III we show the exceptional points and bulk Fermi-arc states terminated at exceptional end-points in the 2D structure. In Sec. IV we investigate the exceptional lines and bulk drumheads states with exceptional edges in the 3D structure. In Sec. V we compare the band dispersions between periodic boundary conditions and open boundary conditions, and show that the periodic boundary conditions are essential for the above bulk states. Finally Sec. VI presents the designed non-Hermitian electrical-circuit lattices, which are easy to achieve periodic boundary conditions in 2D and 3D cases, and can realize bulk quantum states of nodal manifolds bounded by exceptional points.
II. 2D AND 3D NON-HERMITIAN HONEYCOMB LATTICES
Honeycomb lattice plays an important role in constructing models of novel topological quantum states. For instance, electrons on 2D honeycomb lattices may have the Dirac-type energy dispersions, which have aroused tremendous research interests for topological phases. From the topological point of view, the massless Dirac point usually corresponds to criticality of phase transition between two topologically distinct phases. Notably both the quantum spin Hall states [71] and the quantum anomalous Hall state [72] were first proposed in the 2D honeycomb lattice as pioneering models of topological insulators, which is in retrospect based on the Dirac criticality. It is also a good starting point to look for nodal-line and Weyl semimetal semimetal phases on 3D honeycomb lattices formed by stacking 2D honeycomb lattices along the vertical dimension [73] . As aforementioned honeycomb-lattice models are all Hermitian, the dissipative (gain/loss) and nonreciprocal effects are not taken into consideration. In this work, we demonstrate that, in the non-Hermitian regime, honeycomb lattices are a cornerstone as well for seeking novel quantum states, which essentially depend on non-Hermiticity. As shown in Fig. 1 , both 2D and 3D honeycomb lattices consist of sublattices A and B, and the unit cell is indicated in the pink-dashed box. We assume the hopping processes within each unit cell are asymmetric for sublattices A and B, resulting in the non-Hermitian terms, while the hoppings between unit cells, which are are symmetric, lead to the corresponding Hermitian terms. 
III. EXCEPTIONAL POINTS AND BULK FERMI-ARC STATES IN 2D NON-HERMITIAN HONEYCOMB LATTICE
We begin with the 2D case, for which the tight-binding Hamiltonian is written as
where
are the lattice vectors and we set the atom-atom distance a = 1 hereafter. t g , t and γ y are hopping parameters as indicated in Fig. 1(a) . σ x,y,z are the Pauli matrices while the term involving σ z vanishes under the assumption of chiral symmetry of the system. The energy dispersions are then calculated as
which is generally complex for nonzero γ y . The exceptional point appears if two bands coalesce, leading to
and can be combined into a single complex equation
By tuning the parameters, we get different numbers of solutions for Eq. (4), i.e., different number of exceptional points in the BZ: 1) max[|(t g ± γ y )/t|] < 2, there are four exceptional points in the first BZ ( Fig. 2(a1 
The band dispersions through the exceptional points are shown in Fig. 2 (a2, b2). Quite different from the Hermitian systems, a pair of exceptional points in the complex spectrum of nonHermitian Hamiltonian will lead to an open-ended bulk states, i.e., the so-called bulk Fermi-arc [21, 22, 61] . As schematically plotted in Fig. 3(a) , the bulk Fermi-arc, degenerate with real part of the eigenvalues while nondegenerate with the imaginary part, links a pair of exceptional points. The number of bulk Fermi-arcs and exceptional points can be tuned by the parameter γ y as discussed above. Below, we demonstrate the existence of bulk Fermi-arc in our model of Eq. (1) . From the dispersion expression Eq. (2), it is easy to find that if the following expressions
are satisfied, the real parts of the dispersions are degenerate while the imaginary parts are non-degenerate, which are the solutions for the bulk Fermi-arc. Substituting Eq. (2) into Eq. (5), we obtain
Comparing Eq. (3) with Eq. (6), it is obvious that the exceptional points are the boundaries of bulk Fermiarcs. Solving Eq. (6), one obtains the explicit ranges of bulk Fermi-arc in the BZ, which read 1)
The configurations of the bulk Fermi arcs for γ y = 0.3 and 0.6 are shown in Fig. 3(b, c) . 
IV. EXCEPTIONAL LINES, BULK DRUMHEAD STATES IN 3D NON-HERMITIAN HONEYCOMB LATTICES
Inspired by the existence of bulk Fermi-arc terminated at the exceptional points in 2D BZ, for the 3D honeycomb lattice, due to the increasing of spatial dimensionality, we expect to obtain lines of exceptional points and drumhead-like bulk states bounded by this exceptional lines. The tight-binding Hamiltonian for the lattice model given in Fig. 1(b) is
, and µ AB ≡ (µ A − µ B )/2 is introduced to indicate the difference of the on-site energies between sublattices A and B. In the following, we investigate this model for two cases.
We first consider a simplified case, where d z = 0, i.e., setting t AB = µ AB = 0. Then the exceptional points are the solutions of the following equations
where h(k) ≡ t 3 j=1 e ik·aj . If γ y = 0, the solutions of Eq. (8) form a nodal-ring in momentum space (shown in Fig. 4(a) ) for appropriate values of t g and t as discussed in [73] . For a nonzero γ y , there are three types of solutions. 1) max[|(t g ± γ y )/t|] < 3, the solutions of Eq. (8) form two exceptional rings in the 3D BZ, as shown in Fig. 4(b) .
, a single exceptional ring exists, as shown in Fig. 4(c) .
Substituting Eq. (7) into Eq. (5), we obtain
The solutions of Eq. (9) determine the range of the desired drumhead states. Comparing Eq. (8) with Eq. (9), we obtain that the exceptional rings are the boundary of the bulk drumhead states. The configuration of bulk drumhead states is dependent on the parameters as discussed below Eq. (8) . By numerically solving Eq. (9), we find two types of bulk drumhead states. The first type is a drumhead with a hole, bounded by two exceptional lines ( Fig. 5(a) ). The second type is a whole drumhead bounded by one exceptional line ( Fig. 5(b) ). These bulk drumhead states are essentially different from the drumhead surface states in the Hermitian nodal-line semimetals. For the latter, the degenerate points form nodal-rings in the 3D bulk BZ, and due to the bulk-boundary correspondence, lead to the drumhead boundary states on the 2D surface BZ, whose edges eventually sink into and connect with the bulk nodal-line states. While for the 3D non-Hermitian system, the drumhead states are bulk states bounded by the exceptional lines, with eigenvalue degenerate for the real part but splitted for the imaginary part. Now we discuss the more general case with d z = 0 in Eq. (7). For Hermitian system with γ y = 0, Weyl points can be realized in this 3D honeycomb lattice if [73] . For non-Hermitian system with γ y = 0, the configuration of drumhead states with exceptional edges is enriched compared to the Hermitian case and the non-Hermitian case of d z = 0. In parallel to the discussions in previous sections, the exceptional points and the bulk drumhead states are determined by the following equation and inequation respectively.
Setting µ AB = 0.7, γ y = 0.2 and t AB = 1, we obtain two drumhead states bounded by two exceptional rings as shown in Fig. 6 .
V. THE BULK-BOUNDARY CORRESPONDENCE
In the previous two sections, we discussed the band structures of the bulk states, where the periodic boundary conditions were actually implicitly presumed for the Fourier transforms can be applied to produce the BZ. For non-Hermitian system, the bulk energy spectra may change dramatically with open boundary conditions for non-Hermitian systems, which is in sharp contrast to Hermitian ones. In this section, we take 2D nonHermitian honeycomb lattice as an example to show how the band structures change form periodic boundary conditions to open boundary conditions, and discuss the bulk-boundary correspondence. The derivation details are given in Appendix A, and the results for the 3D case are given in Appendix B.
The band dispersions for a strip of 2D honeycomb lattice with zigzag edge in the x direction are shown in Fig. 7 . It is observed that the band-crossing points (blue stars) do not correspond to the exceptional points (red dots), and the number of gap-closing points can be different from that of exceptional points. Significantly the Fermi-arc states connecting exceptional points E 1 -E 2 and E 3 -E 4 (red dots) existing in the periodic boundary conditions disappear for the strip structure with open boundary conditions. However, the edge states connect- ing the band-crossing points (blue stars) now present.
The above results indicate that the proposed exceptional points and the bulk Fermi-arc states can only exist in a system with periodic boundary conditions. This requirement clearly brings difficulty to realize these states experimentally, for the periodic boundary conditions are not easy, if not impossible, to implement in commonly used experimental systems, such as real materials, photonic crystals, phononic crystals, and cold atoms.
To solve this problem, we propose to simulate these states in electrical-circuit lattices, for which the periodic boundary conditions are quite easy to be implemented if we connect the head with the tail, showing a significant advantage compared with other realization scenarios. In the following section, we detail how to design the nonHermitian honeycomb lattice to realize the novel states discussed above.
VI. NON-HERMITIAN ELECTRICAL CIRCUIT LATTICE
Recently, there has been growing interest in realizing topological phases by electrical circuits, including the time-reversal-invariant topological insulators [68, 69, 74] , 3D Weyl semimetals [70, 73, 75] , 1D topological insulators [76] and the higher-order topological insulators [77] [78] [79] . In this section, we construct a 2D electricalcircuit lattice, consisting of capacitors, inductors and op- erational amplifiers, as an experimental setup to realize the bulk Fermi-arc states bounded by exceptional points discussed in Sec. III. The 3D electrical-circuit lattice for the bulk drumhead states with exceptional edge states discussed in Sec. IV can be designated in a similar way.
We first elaborate how to construct the elementary circuit cell, which corresponds to the non-Hermitian term, as shown in Fig. 8 . The key idea is to utilize operational amplifiers, which are standard components in electrical circuits, to emulate gain and loss, the characteristics of non-hermiticity. Hence, let us begin with some basics of operational amplifier. The differential inputs of the operational amplifier are characterized by a non-inverting input (+) with voltage V + and an inverting input (−) with voltage V − . Ideally the operational amplifier amplifies the difference in voltage between the two inputs. The output voltage of the operational amplifier V out is given by the equation V out = A(V + − V − ), where A is the open-loop gain of the amplifier that is very high for an ideal amplifier. Connecting the inverting input (−) and the output, leading to V − = V out , the amplifier is used as a voltage follower, for that
For an ideal operational amplifier, there is no voltage across its inputs. Therefore the input terminals V + and V − behave like a short circuit. But this kind of short is virtual, different from a real one, and draws no current because of the infinite impedance between the two inputs. With these properties and according to Kirchhoff's current law, we get the following equations
where ω is the frequency of voltage and j ≡ √ −1. Considering the current conservation, namely, that the summation of the inflow and outflow currents at every node is zero, these equations can be simplified, and then recast into the matrix form,
(14) The two-by-two matrix on the right hand of Eq. (14) is clearly non-Hermitian because it is real but not symmetric. Hence, a non-Hermitian device has been constructed by using conventional operational amplifiers, and repeating this elementary non-Hermitian cell, we can build the 2D non-Hermitian honeycomb lattices. Consequently, the desired electrical-circuit lattice can be constructed as illustrated in Fig. 9 , which is made of the elementary non-Hermitian cells and capacitors C 2 . Now periodic boundary conditions can be readily imposed on the 2D electric-circuit lattice by accordingly connecting components on the left (upper) edge to those on the right (lower) edge. And the Fourier transforms can be performed, so that the Kirchhoff equations can be expressed into an eigenvalue-like equation for the stationary systems
and
Here,
T is the Bloch-like states for the potential distributions on the A and B nodes. a 1,2 are the basis vectors of the 2D lattice as shown in Fig. (9) . The details of derivation of Eqs. (15) (16) (17) are given in Appendix C. Comparing Eq. (17) with Eq. (1), we find that the parameters in these two equations can be related as t = −C 2 , t g = −(C 1 + C 3 /2) and γ y = −C 3 /2. Therefore, by tuning capacitors C 1,2,3 , one can realize the nodal points and bulk Fermi arc states in the 2D non-Hermitian electricalcircuit honeycomb lattice. The 3D non-Hermitian honeycomb lattice to simulate the nodal drumhead with exceptional edges can be constructed by the same method as well.
VII. CONCLUSION
In this work we investigated possible exotic nonhermitian quantum states on 2D and 3D honeycomb lattices models with only nearest-neighbor hoppings being considered. More specifically, the bulk Fermi-arc states connecting the exceptional points, and the bulk drumhead states bounded by the exceptional lines were found in 2D and 3D cases, respectively. By investigating the bulk-boundary correspondence of these models with open boundary conditions, we observed that the above exotic states are undermined, indicating the periodic boundary conditions are essential for the existence of these exceptional points and open nodal manifolds. Since periodic conditions are actually unrealistic for conventional systems, such as real materials, photonic crystals and cold atoms in optical lattices, we therefore proposed the electrical-circuit simulations, which have the advantage of easily achieving periodic boundary conditions, to realize the exotic states. Moreover, the constructed electrical circuits in principle can be easily fabricated experimentally, since all components and their usage are conventional. Considering the strip of 2D honeycomb lattice with zigzag edge in the x-direction, the Hamiltonian can be written as
tc † jA,ky c jB,ky e −ikya1y + h.c.
where N is the number of unit cell in the x-direction. The band dispersions for Hamiltonian (A1) are shown in Fig. 7 . It clear that the band-crossing points (blue stars) are not correspond to the exceptional points (red dots), and the number of gap-closing point can be not equal to the number of exceptional points. The bulk Fermi-arc states connecting exceptional points E 1 -E 2 and E 3 -E 4 (red dots) disappear. But edge states arise and connect a pair of the new gap closing points (blue stars), instead of connecting the projection of the exceptional points. These anomalies can be resolved by using the auxiliary Hamiltonian proposed in reference [67] . Taking a similarity transformation to H, we ob- (A2) After taking Fourier transform in the x direction, one obtainsH
y . Hence, the Eq. (A2) and (A3) is Hermitian if |t g | ≥ |g y | is satisfied. The gap closing points calculated fromH(k) are consistent with the gap closing points of the strip structure as shown in Fig. 7 . One can calculate the Berry phase φ(k y ) for H(k x , k y ) with k y fixed. φ(k y ) = π reveals that the edge states exist on the boundary, while φ(k y ) = 0 indicates no edge states existing. Therefore, the bulk-boundary correspondence is recovered by usingH(k). Now, we show the skin effect for the non-Hermitian 2D honeycomb lattice with open-boundary conditions. Considering the similarity transformationH = P −1 HP . IfH|ψ = λ|ψ , then P −1 HP |ψ = λ|ψ ⇒ HP |ψ = λP |ψ . Thus, if |ψ is an eigenvector ofH with eigenvalue λ, then P |ψ is an eigenvector of H with the same eigenvalues. With periodical boundary conditions, all states in both Hermitian and non-Hermitian 2D honeycomb lattice are Bloch waves, ensured by the translational symmetry of the lattice. With open boundary conditions, the bulk states ofH, ψ = ψ 1B,ky , ψ 1A,ky , · · · , ψ N B,ky , ψ N A,ky T , are still nearly Bloch-type, when the number of layers is large enough. However, this is not the same as in non-Hermitian cases. We can find that the wave function P ψ of H becomes P ψ nA,B = α n−1 ψ nA,B . As |α| = 1. Therefore we get that P ψ is localized at one side of the effective 1D system (as shown in Fig. 10 ), dubbed as "non-Hermitian skin effect" [62, 67] . Below we give a more intuitive way to understand the skin effect. For the non-Hermitian originated from asymmetric hopping terms t g ± γ y , the particles have larger hopping probability in a specific direction. Although, the wave functions are Bloch type in the periodical boundary conditions, the particles accumulate to one side of the system in the open boundary conditions. The states largely deviate from the bulk Bloch type, therefore, the breakdown of the correspondence between bulk exceptional points with periodical boundary conditions and the edge states with open boundary condition is not surprising. We consider slab geometry terminated in the x direction of the 3D non-Hermitian honeycomb lattice. The band structures of the slab are calculated as shown in Fig. 11 . The bulk exceptional lines (red color curves) are projected to the surface BZ as shown in Fig. 11(a, c) . The gap closing points for the slab band structures are located at T 1 and T 2 points instead of at the exceptional points. The bulk drumhead states are damaged, with no corresponding states on the surface. While new surface states (red color bands), connecting T 1 and T 2 points, emerge as shown in Fig. 11(b, d ).
Appendix C: Details of the derivation of Eqs. (15) (16) (17) in the main text
The currents, which flow into nodes A and B in the cell located at R = 0 of the circuit lattice (shown in Fig. 9 Kirchhoff's law demands that I A (R) and I B (R) are zero. Therefore writing above equations into a matrix form, we get a tight-binding-like Hamiltonian equation
. . .
The hopping terms can be extracted from the left matrix as listed below: H AA (R = 0) = C s ≡ C 1 +2C 2 +C 3 +C G , H AB (R = 0) = −(C 1 + C 3 ), H AB (R = −a 1 ) = −C 2 , H AB (R = −a 2 ) = −C 2 , H BB (R = 0) = C S , H BA (R = 0) = −C 1 , H BA (R = a 1 ) − C 2 , and H BA (R = a 2 ) = −C 2 , where R is the lattice vector and H nm (R) are the tight-binding parameters between node n located at the home unit cell and node m located at R. With these terms, the Hamiltonian in the k space can be obtained by the Fourier transform H nm (k) = R e ik·R H nm (R), leading to H AA (k) = H BB (k) = C s , H AB (k) = −(C 1 + C 3 ) − C 2 (e −ik·a1 + e −ik·a2 ),
Rewriting the matrix in terms of the Pauli matrices, we obtain
Comparing Eq. (C6) with Eq. (1), we get t = −C 2 , t g = −(C 1 +
C3
2 ), and γ y = −
2 as given in the main text.
